Some extensions beyond the Standard Model propose the existence of nearly degenerate heavy sterile neutrinos. If kinematically allowed these can be resonantly produced and decay in a cascade to common final states. The common decay channels lead to mixing of the heavy sterile neutrino states and interference effects. We implement non-perturbative methods to study the dynamics of the cascade decay to common final states, which features similarities but also noteworthy differences with the case of neutral meson mixing. We show that mixing and oscillations among the nearly degenerate sterile neutrinos can be detected as quantum beats in the distribution of final states produced from their decay. These oscillations would be a telltale signal of mixing between heavy sterile neutrinos. We study in detail the case of two nearly degenerate sterile neutrinos produced in the decay of pseudoscalar mesons and decaying into a purely leptonic "visible" channel: ν h → e + e − ν a . Possible cosmological implications for the effective number of neutrinos N ef f are discussed.
I. INTRODUCTION
Many extensions of the Standard Model that propose explanations of neutrino masses via see-saw type mechanisms [1] [2] [3] [4] predict the existence of heavy "sterile" neutrinos namely SU(2) × U(1) singlets that mix very weakly with "active" neutrinos [5] [6] [7] [8] [9] [10] [11] [12] [13] . Heavy sterile neutrinos may play an important role in baryogenesis through leptogenesis [14] [15] [16] [17] or via neutrino oscillations [18] motivating several models for leptogenesis which may also yield dark matter candidates [19, 20] . Furthermore, heavy sterile neutrinos may contribute to the energy transport during SNII explosions [21] , their decay may be a source of early reionization [22] , they have been argued to play an important role in the thermal history of the early Universe and to contribute to the cosmological neutrino background [23] . For a review of the role of sterile neutrinos in cosmology and astrophysics see refs. [20, [24] [25] [26] .
If the mass of the heavy sterile neutrino m h M π,K , M τ they can be produced as resonances in the decay of pseudoscalar mesons (or charged leptons) opening a window for current and future experimental searches. A comprehensive study of leptonic and semileptonic weak decays of heavy sterile-like neutrinos was carried out in ref. [27] and extended in ref. [28] , and various experimental studies searching for heavy neutral leptons [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] provide constraints on the values of the mixing matrix elements between heavy sterile and active neutrinos for a wide range of masses with stringent bounds within the mass range 140 MeV ≤ M h ≤ 500 MeV [40] . Recent bounds on the mixing matrix elements between active (light) and sterile (heavy) neutrinos [40, 44, 45] yield |U eh | 2 ; |U µh | 2 10 −7 − 10 −5 in the mass range 30 MeV m h 300 MeV. If heavy sterile neutrinos are Majorana, they can mediate lepton number violating transitions with |∆l| = 2 motivating further studies of their production and decay [46] [47] [48] . Furthermore, resonant production and mixing of nearly degenerate heavy sterile neutrinos may lead to enhanced CP violation and baryogenesis [15] [16] [17] [18] [19] [20] . A thorough analysis of production and decay rates and cross sections of heavy neutral leptons in various mass regimes is available in refs. [27, 28, 46, 47, [49] [50] [51] [52] [53] [54] , providing the theoretical backbone to current and proposed experimental searches.
Motivation and goals:
The astrophysical, cosmological and phenomenological importance of heavy sterile neutrinos and their ubiquitous place in well motivated extensions beyond the Standard Model motivates a series of recent proposals [49] [50] [51] [52] [53] [54] . These make a compelling case for rekindling the search for heavy sterile neutrinos in various current and next generation experiments.
As pointed out in refs. [15] [16] [17] [18] [19] [20] extensions beyond the Standard Model that feature nearly degenerate heavy sterile neutrinos provide mechanisms for resonantly enhanced CP-violation with important consequences for baryogenesis through leptogenesis. If these nearly degenerate heavy sterile neutrinos are produced resonantly they may decay in a cascade into common channels leading to mixing [15] [16] [17] 55] . Mixing and the ensuing time dependent oscillation phenomena associated with the decay of (nearly) degenerate states into a common channel is a hallmark of the dynamics of neutral meson mixing such as K 0 K 0 , B 0 B 0 [56] [57] [58] . The goal of this article is to explore in detail the mixing of two heavy but nearly degenerate sterile neutrinos as a consequence of a common decay channel, the concomitant time dependent oscillations from their interference and the observational consequences in the distribution of the decay products.
Previous discussions of particle mixing focused either on the self-energy corrections featuring off diagonal matrix elements because of common intermediate states [15] [16] [17] or effective Hamiltonian descriptions akin to the case of neutral meson mixing [55] [56] [57] [58] .
Our goal is complementary in that we study the complete time evolution from the decay of an initial unstable state into channels that include the nearly degenerate heavy sterile neutrinos, which in turn decay into the final states, and assess the impact of the interference between the nearly degenerate states upon the distribution of final states.
For this purpose we implement a systematic quantum field theoretical generalization of the Wigner-Weisskopf approach [59, 60] that includes the decay dynamics of the initial state and the time evolution of the final states. We consider the case of two nearly degenerate heavy sterile neutrinos produced from the decay of a pseudoscalar meson (or a heavy charged lepton) first within a general framework of cascade decay to common final states, and then consider the explicit case of a purely leptonic "visible" decay channel for the heavy sterile neutrinos as a potential observable in future experiments.
We find that while there are similarities with the case of neutral meson mixing (K 0 K 0 ; B 0 B 0 ), there are important differences primarily as a consequence of the production of the heavy steriles from the decay of a parent particle (here a pseudoscalar meson) and also from the decay of the nearly degenerate heavy neutrinos into the final states.
II. GENERAL FORMULATION.
We generalize the framework described in refs. [59, 60] to describe the production, evolution and decay of two heavy sterile neutrinos.
Consider a total Hamiltonian H = H 0 + H I with H 0 the free field Hamiltonian and
where H P , H D refer generically to the production (P) and decay (D) interaction vertices and H ct refers to local renormalization counterterms. To be specific, and motivated by current and future neutrino experiments, we consider the case where sterile neutrinos are produced in the decay of a charged pseudoscalar meson Φ = π, K into a charged lepton α and a neutrino i where i = a, refers to the "active-like" (light) and i = h to the "sterile-like" heavy neutrinos mass eigenstates, with
with
where f π ; f K are the corresponding decay constants and U αi is the neutrino mixing matrix with i = a, h. Specifically, the decay interaction vertex H D is taken to be the usual Standard Model charged current and neutral current vertices, namely H D = H CC + H N C written in the neutrino mass basis.
Although we consider these specific production and decay vertices for the main discussion in this article, the formulation is more general and applicable for any other production and decay interaction Hamiltonians beyond the Standard Model. To make the discussion general, we consider the case in which H D describes the decay of ν h into a multiparticle final state {X} (ν h → {X}).
Let us consider an initial state with one Φ meson of momentum k and the vacuum for the other fields, namely (to simplify we use the same notation for the spatial Fourier transform of a field)
Upon time evolution in the Schroedinger picture this state evolves into Ψ(t) obeying
where m X is the invariant mass of the multiparticle final state {X} the interaction Hamiltonian (II.1) describes the cascade process depicted in fig.1 .
· · · is a multiparticle state with p 1 + p 2 + p 3 + · · · = q. The dashed lines depict the intermediate two particle state (I) and the final multi particle state (F).
We now pass to the interaction picture wherein
and the state obeys
Consider that at t = 0 the initial state is the single meson state of spatial momentum k given by (II.4), at any later time, the state |Ψ( k, t) I is expanded in the basis |n of eigenstates of
Up to second order in the interaction, the cascade decay depicted in fig. (1) is described by the following multiparticle state
For simplicity of notation we do not distinguish between neutrino and antineutrino, furthermore, the framework discussed below is general, independent of whether neutrinos are Dirac or Majorana.
In the last term in (II.9), the sum over {X} is over all the decay channels of ν h and for each channel the sum over { p} X is over the momenta p 1 ; p 2 · · · of the multiparticle state {X} constrained so that p 1 + p 2 + · · · = q (see fig.1 ). There is also an implicit sum over helicity states of the fermionic fields. The coefficients A Φ ; A I ; A F are the amplitudes of the initial, intermediate and final states respectively, α = e, µ are the charged leptons (we are considering either π or K decay but τ decay can be considered along the same lines as described below), each α represents a different decay channel for the pseudoscalar meson Φ. The processes that lead to the state (II.9) to second order in the interaction(s) are depicted in fig.(1) , the dots stand for higher order processes, each vertex in the diagram (1) corresponds to one power of the couplings in H I , either at the production or decay vertices.
In what follows we distinguish the labels for the heavy sterile neutrinos as h = 1, 2, which should not be confused with the active-like neutrinos, simply labeled as a without further specification.
Unitary time evolution with the initial condition A Φ ( k, 0) = 1 implies
which has been explicitly confirmed in general in ref. [59] and in particular for the case of single sterile neutrinos in ref. [60] . We introduce the following notation,
where E Φ (k); E i (q); E α (| k− q|) are the single particle energies for the quanta of the respective fields and E X is the energy of the multi-particle state with the set of momenta { p} X . The matrix elements M P , M D refer to production (P) and decay (D) vertices.
For example, for the specific production vertex described by (II.2) we find,
where U α,s ( k− q); V i,s ′ ( q) are the Dirac spinors for the charged lepton α and neutrino i = a, h, and the labels s, s ′ refer to helicity states and will be suppressed in what follows. If neutrinos are Majorana, it follows that
The counterterm in the interaction Hamiltonian H ct yields the matrix elements
and renormalizes the masses by subtracting the hermitian parts of the self-energies as discussed in detail below. The second equality in (II.17) is a consequence of hermiticity of the interaction Hamiltonian.
To simplify notation we suppress the momentum arguments of the amplitudes, energies and matrix elements, they are displayed explicitly in the expansion (II.9) and the definitions (II.11,II.12,II.13,II.14) respectively.
The time evolution of the amplitudes A Φ ; A 
where we have used that the matrix elements are of the form
the relevant matrix elements are given by eqns. (II.13,II.14).
Using eqn. (II.18) we obtain the following equationṡ
The higher order terms in the expansion of the quantum state, represented by the dots in (II.9) lead to higher order terms in the hierarchy of equations. The label α in A I , A F refer to the fact that the (charged) lepton α is entangled with the intermediate neutrino and final state and the kinematics of the production and decay depend on its mass.
In ref. [59] it is shown that truncating the hierarchy at the order displayed above and solving the coupled set of equations provides a non-perturbative real time resummation of Dyson-type self-energy diagrams with self-energy corrections up to second order in the interactions. In appendix (A) we provide a similar analysis for the case of mixing considered here, and establish a correspondence with the self-energy treatment in refs. [15] [16] [17] .
The three terms on the right hand side in eqn. (II.22) have a clear interpretation: the first term describes the build up of the amplitude from the decay of the parent meson, the second term is the counterterm (see eqn. (II.17)) and the third term describes the decay of the heavy steriles into the final states.
The solution of the set of equations (II.20-II.23)) proceeds from the bottom up. The solution of (II.23) is
Introducing this solution into eqns. (II.22) we obtaiṅ
The Wigner-Weisskopf approximation: In solving the hierarchy of coupled equations from the bottom up, we encounter linear integro-differential equations for the coefficients, of the general form (see (II.25, II.26)).
where I(t) is an inhomogeneity. These type of equations can be solved in terms of Laplace transforms (as befits an initial value problem). In ref. [59] it is shown that the solution of the hierarchy of equations via Laplace transform yields a real time non-perturbative resummation of a Dyson-type self-energy diagrams and a similar proof for the case of mixing is provided in appendix (A). An alternative but equivalent method relies on that the matrix elements M are typically of O(g) where g refers to a generic coupling in H I [59] . Therefore in perturbation theory the amplitudes evolve slowly in time sinceȦ ∝ g 2 A suggesting an expansion in derivatives. This is implemented as follows [59, 60] , consider
which has the properties
and is the kernel of the integral term in (II.27). An integration by parts in (II.27) yields
From the amplitude equations it follows thatȦ ∝ g 2 A and W 0 ∝ g 2 , therefore the second term on the right hand side in (II.30) is ∝ g 4 and can be neglected to leading order O(g 2 ) which is consistent with the order at which the hierarchy is truncated. This procedure can be repeated systematically, producing higher order derivatives, which are in turn higher order in g 2 providing a systematic quantum field theoretical generalization of the Wigner-Weisskopf method ubiquitous in the treatment of neutral meson mixing [56] [57] [58] . The Wigner-Weisskopf approximation is the leading order in the coupling(s) and consists in keeping the first term in (II.30) and taking the long time limit,
where ǫ → 0 + is a convergence factor for the long time limit. A more detailed analysis of the long time limit presented in refs. [59, 61] allows to extract the contribution from wave function renormalization, we will not pursue this contribution here as it is not directly relevant to the time evolution and oscillations which is the focus of this study.
In ref. [59] it is shown explicitly that this approximation is indeed equivalent to the exact solution via Laplace transform in the weak coupling and long time limit, where the Laplace transform is dominated by a narrow Breit-Wigner resonance in the Dyson-resummed propagator. The generalization of this equivalence to the case of mixing is discussed in appendix (A).
In the Wigner-Weisskopf approximation up to second order in H I , we obtaiṅ
The oscillatory factors e ±i(E 1 −E 2 )t in (II.32,II.33) can be absorbed by defining
leading to the following matrix equations for these amplitudes
where the "effective Hamiltonian"
The right hand side of (II.35) describes the production from Φ− decay. The matrix elements are given by
where
where we used
(II.11,II.12). In the expressions above the sum over {X} refers to sum over all decay channels and { p} X refer to the sum over the momenta for a fixed channel.
The off-diagonal matrix elements Σ 12 , Σ 21 can be understood from the fact that the interaction Hamiltonian has non-vanishing matrix elements between the two sterile neutrinos and the same final state. For the case of a three body common decay channel, the self energy that mixes ν h , ν h ′ is depicted in fig. (2) , the imaginary part of this self-energy yields the widths Γ ij in eqn. (II.42).
As discussed in in refs. [59, 60] , the quantum field theoretical Wigner-Weisskopf approximation is equivalent to a Dyson resummation of Feynman diagrams and a Breit-Wigner approximation (complex pole) of the Dyson resummed propagator. This equivalence is discussed in appendix (A) and is confirmed by the results of ref. [15] where mixing has been studied in terms of self-energy corrections obtained from Feynman diagrams and compared to the "effective Hamiltonian" description within a different context. In particular, the renormalization corrections and decay widths are exactly those obtained from a Breit-Wigner approximation to the full propagator with self-energy corrections obtained from Feynman diagrams [15] .
We emphasize that if the heavy sterile neutrinos are not exactly degenerate, namely if
* . As a consequence of the hermiticity of the counterterm Hamiltonian it follows that δ E ij = (δ E ji ) * , therefore the counterterms cannot completely cancel the real part of the self energy corrections ∆E ij .
It is convenient to introduce the following quantities:
in terms of which the complex eigenvalues of H are
where E ± and Γ ± are real corresponding to the energy and decay width of the propagating modes.
Consider now the eigenvalue problem
and the matrices
from which it follows that
and right-multiplying (II.35) by U and using (II.48) we find
The solutions are 52) and from the relation (II.49) we obtain
Full expressions for the products α
are given in appendix (B) where it is recognized that these products are independent of the normalization of the eigenvectors of H.
The solution of (II.21) is 
The first line in eqn. (II.55) is the contribution from the intermediate heavy sterile states, and the second line is the contribution from the active neutrinos.
Implementing the Wigner-Weisskopf approximation and taking the long time limit (no convergence factor is needed in the first sum because λ ± feature a negative imaginary part arising from the decay of the intermediate state) this evolution equation simplifies tȯ
with ∆E Φ ; Γ Φ real, leading to
∆E Φ will be absorbed into a renormalization of the single meson energy, namely E Φ +∆E Φ → E Φ (from now on E Φ denotes the renormalized single particle energy) and Γ Φ is the total decay width of the parent meson. It only remains to introduce the result (II.59) into (II.52) to obtain the time evolution of all the amplitudes. We find 
(II.61)
In the probability of detecting the final state |A X F (t)| 2 the interference between the terms with e
)t leads to oscillations. These will be studied in section (III) below. Going back to the Schroedinger picture with |Ψ(t) S = e −iH 0 t |Ψ(t) I we obtain
Using the result (II.53) and the definition (II.34) we note that we can write in the second term in (II.62)
namely the states |ν ± are coherent superpositions of the mass eigenstates of the unperturbed Hamiltonian, in particular under the assumption that Γ Φ ≫ Γ ± it follows that for time scales
where the normalization constants
reflect the Lorentzian distribution from the decay of the parent meson. However, because H is non-hermitian the states |ν ± are not orthogonal, namely
Comparison to neutral meson mixing:
The evolution equations for the amplitudes of the intermediate state (II.35) in terms of an "effective Hamiltonian" (II.36) are similar to the case of neutral meson mixing but with noteworthy differences:
• The inhomogeneity on the right hand side of (II.35) describes the production of the intermediate state from the decay of the initial state. In the description of neutral meson mixing, the production stage is not included but the initial state is assumed to be a linear superposition of the unperturbed neutral mesons (K 0 , K 0 , B 0 , B 0 etc.), and the equivalent of eqn. (II.35) is homogeneous. Since the amplitude A Φ (t) → 0 for t ≫ 1/Γ Φ the production contribution vanishes and eqn. (II.35) becomes homogeneous describing an initial value problem for the amplitudes for time scales t ≫ 1/Γ Φ , therefore one would conclude that for t ≫ 1/Γ Φ the two cases are similar. However, it is clear from the expressions (II.60) that in this limit, the amplitudes for the heavy sterile neutrinos are not determined from arbitrary initial conditions, but are determined by the Lorentzian distribution function that results from the decay of the parent particle. This is manifest in the prefactors C ± in (II.64) which are given by (II.65) as a direct consequence of production of sterile neutrinos from the decay process, in other words, these coefficients are a manifestation of the "memory" of the initial state and of the decay dynamics of the parent meson.
The probability for finding a particular mode ± after the decay of the parent meson
namely the exponential decay factor multiplies a Lorentzian probability distribution of decay products. The difference in the decay widths in the denominator has a simple interpretation: Γ Φ describes the rate at which the sterile neutrinos are produced, whereas Γ ± are the rate at which they decay into the final states so that the effective production rate is Γ Φ − Γ ± .
• Unlike the neutral meson case under the assumption of CPT symmetry, the diagonal entries in the matrices (II.41,II.42) are not the same. This is because the sterile neutrinos in the intermediate state are not exactly degenerate As a consequence of this non-degeneracy, it also follows that ∆E ij = ∆E * ji ; Γ ij = Γ * ji unlike the case of neutral meson mixing. Therefore, as mentioned above, the counterterms δE ij obeying the hermiticity condition cannot completely cancel the self energy corrections ∆E ij . In the case of neutral meson mixing, the unperturbed (bare) masses of the meson and antimeson are the same, hence the denominators in ∆E 12 , ∆E 21 are the same and ∆E ij is hermitian [56] . Indeed the original derivation in [56] manifestly uses that the meson and antimeson have the same (unperturbed) energy (mass). Allowing for different energies and following the derivation in [56] the results for ∆E ij obtained above follow directly.
• The time dependent prefactors V ± (t) are given by (II.60), the first term ∝
)t is a direct consequence of the production of sterile neutrinos via the decay of the pseudoscalar meson and can be traced to the right hand side of eqn.
) t which is the usual time evolution obtained from the "effective Hamiltonian" in the WignerWeisskopf approximation for neutral meson mixing [56] [57] [58] . This is in agreement with the results of ref. [59] wherein it was observed that if the decay rate of the parent particle is much larger than that of the intermediate resonant state, the time evolution proceeds sequentially: the decay of the parent particle leads to the formation of the intermediate state on a time scale much shorter than the lifetime of the intermediate resonant state, its amplitude grows initially from the production dynamics and decays on a longer time scale.
III. OSCILLATIONS IN THE DETECTION OF DECAY PRODUCTS.
Oscillations in the decay products are observationally relevant on macroscopic scales when the heavy sterile neutrinos are nearly degenerate, namely when E 1 + E 2 ≫ |E 1 − E 2 |. In this limit there are two important cases to consider:
2 where g is a typical weak coupling in the interaction Hamiltonian, we find up to second order in couplings
the counterterms can be chosen to cancel the real parts of the self-energy so that E 1,2 are the fully renormalized (real) energies and to leading order in the couplings for this case we find
In this case the full expression for λ ± are given by (II.45) and we can set E 1,2 → E = (E 1 + E 2 )/2 to leading order in the self-energies (II.37-II.40). Neglecting terms of O(g 2 |∆|/E g 4 ), we find
with the corollary that (∆E ij ) * = ∆E ji ; (Γ ij ) * = Γ ji . Because the counterterms obey the hermiticity conditions (see (II.17)) in this case we implement the "on-shell" renormalization scheme following [15] and request that
where ∆E ij are given by (III.4). The probability of finding a particular final state X at time t is given by |A αX F (t)| 2 . Consider the "visible" decay of the heavy sterile neutrinos to the common decay channel {X} = e + e − ν a namely ν h1,h2 → e + e − ν a where ν a is an active neutrino. The number of e + e − pairs in this state is given by (suppressing the appropriate quantum numbers)
and the total number of e + e − pairs in this particular decay channel is
The amplitude A αX F (t) (II.61) clearly indicates that |A αX F (t)| 2 features oscillatory contributions from the interference between the terms with e ±iE ± t . These interference terms will be manifest over macroscopic distances if the real part of the eigenvalues E ± are nearly degenerate. Since the self-energies are perturbative, from the expressions (II.45) it is clear that near degeneracy of E 1,2 implies near degeneracy of E ± . It is convenient to define
and assuming that the matrix elements are smooth functions of the energy so that to leading order we can evaluate them at the average energy E thereby neglecting terms of O(δ/E) we find
The details of the calculation are given in appendix (C). Integration over the final state phase space p X and over E yield the overall energy momentum conservation and fixes the average E = E Φ − E α .
These oscillations in the probability of decay products are akin to "quantum beats" in the photodetection probability of radiative decays in multilevel atomic systems [62] and a similar phenomenon has been discussed in ref. [63] within a different context.
In the nearly degenerate case, after imposing the "on-shell" renormalization condition [15] (III.6) we find
These are general results in the nearly degenerate case.
IV. AN EXAMPLE: THE "VISIBLE" DECAY CHANNEL ν h → e + e − ν a
We now study the specific example of two nearly degenerate heavy sterile neutrino with a common purely leptonic "visible" decay channel: ν h , ν h ′ → e + e − ν a via a charged and or neutral current vertex, with a an active-like neutrino [27] .
In the Fermi limit the self-energy diagram that describes this common decay channel is shown in fig. (3) . Adapting the results from ref. [27] and neglecting corrections of order
where [27] H
and to leading order we have replaced E → E. Neglecting m e it follows that
with an extra factor of 2 if ν h is a Majorana neutrino. Imposing the "on-shell" renormalization condition (III.6) we find the "effective Hamiltonian"
Because the decay width is suppressed by the small neutrino mixing matrix elements, the decay vertices are expected to be displaced far from the production vertices and the spacetime evolution of the sterile neutrinos becomes important. In ref. [60] these aspects were studied within the context of a single sterile neutrino but the results are straightforwardly adapted to the present study. To address the space-time evolution a wave packet description is necessary and it is discussed in detail in ref. [60] for the case of a single sterile neutrino in a cascade decay. Consider now the nearly degenerate sterile neutrinos propagating as wave packets with nearly equal group velocities
where we have approximated E ≃ E to leading order in weak coupling and p * is the value of the momentum determined by energy momentum conservation at the production vertex for a sterile neutrino of average energy E = E Φ − E α . For pseudoscalar meson decaying at rest
Consider a detector a distance L d from the production vertex and fiducial length ∆L d , so that |E
then the oscillatory contribution to the number of events detected within the fiducial length simplifies, namely the last term in (III.10) becomes (see ref. [60] for details)
namely after the phase space integrations, the number of e + e − pairs detected within the distance ∆L d a distance L d away from the production region is
where N is the normalization factor arising from the phase space integrations and
with Γ ij given by eqn. (IV.1). This result for Γ follows from that in (IV.9) and (III.13).
A. Coherence aspects:
The oscillatory behavior arising from the interference terms between the two nearly degenerate eigenstates bears many similarities with the case of oscillation and mixing of active neutrinos, but with noteworthy differences.
Oscillations in the decay products will be observed provided that |E + −E − | Γ otherwise the interference term damps out before any oscillation can occur. Furthermore, the result for the interference term (III.10) has been obtained under the assumption that the difference in energies of correct eigenstates |E + −E − | cannot be discriminated by the measurement. This is manifest in the derivation of eqns. (C.11) and (C.9) in the appendix leading to the result (III.10) which is obtained as a distribution integrated over a density of states (detector) that is insensitive to the energy difference. If the detector (final density of states) can discriminate between the energy eigenstates with a resolution smaller than the widths, the narrow width approximation to each Lorentzian yields a product ∝ δ(E − δ) δ(E + δ) which vanishes and the interference and quantum beats will be suppressed as the measurement is effectively projecting on a particular energy eigenstate. This is similar to the case of active neutrino oscillations when the neutrino mass eigenstates are produced in the decay of a parent meson whose decay width determines the energy resolution as analyzed in refs. [53, 64] and discussed further in ref. [65] .
The analysis leading to the result (IV.9) made use of a wave packet description of the space time evolution. The two different eigenstates with E ± feature slightly different group velocities which result in that the corresponding wave packets slowly drift away from each other. Coherence leading to oscillatory interference is maintained provided these wave packets have a substantial overlap which requires that |v
where σ is the width of the individual wave packets. This is similar to the case of oscillations of active neutrinos and has been analyzed in detail in ref. [65] to which the reader is referred for further discussion. A detailed analysis of possible decoherence effects requires a firm assessment of the energies and energy differences as well as an estimate of the width of the wave packets, which is ultimately determined by characteristic localization length scale of the parent particle and determined by the experimental setup.
V. CONCLUSIONS, POSSIBLE COSMOLOGICAL IMPLICATIONS AND FUR-THER QUESTIONS:
Motivated by their astrophysical, cosmological and phenomenological relevance, their important place in compelling extensions beyond the Standard Model and recent proposals to search for heavy neutral leptons, we have studied the production, propagation and decay of nearly degenerate heavy sterile neutrinos with common decay channels.
We have implemented a non-perturbative field theoretical systematic generalization of the Wigner-Weisskopf theory ubiquitous in the study of neutral meson mixing, here extended to include both the production and the decay into the full dynamics for the general case of sterile neutrinos with a common decay channel. Mixing between them is a consequence of a common set of intermediate states which lead to off-diagonal terms in the self-energies. Within the Wigner-Weisskopf description mixing is manifest in off-diagonal terms in the "effective Hamiltonian" that describes the time evolution of the amplitudes for the sterile neutrino states.
Our study focuses on heavy sterile neutrinos produced by pseudoscalar meson decay as this is one important avenue for possible study in current and future neutrino experiments, however the method may be straightforwardly generalized to alternative production reactions.
While the dynamical evolution features similarities with the cases of neutral meson mixing, there are noteworthy differences primarily a consequence of including the dynamics of the production and decay in the treatment.
Although the framework is general, we considered the case of a "visible" leptonic common decay channel ν h , ν h ′ → e + e − ν a (a is an active neutrino), as an explicit example of experimental relevance and obtained the (nearly degenerate) complex energies. Interference between the "mass eigenstates" are manifest in damped oscillations in the e + e − distribution function akin to the "quantum beat" phenomenon in the radiative decay of multilevel atoms.
In combination with a wave packet description, we obtain the oscillatory contribution to the number of e + e − pairs within a detector of length ∆L d placed at a distance L d from the production region.
These oscillations in the decay products would be a telltale signature of mixing between heavy neutral leptons.
Possible cosmological implications: The decay width of the propagating modes (see eqn.(IV.3)) suggest that sterile neutrinos in the mass range M h ∼ 100 MeV and with |U eh | 2
10
−7 − 10 −5 feature a lifetime ranging from a few seconds to a few minutes depending on the strength of the mixing matrix elements. If these sterile neutrinos are produced from pion decay shortly after the QCD (hadronization) transition (at ≃ 10µ s ; T ≃ 150 MeV) they may decay into e + e − ν a several minutes after the freeze out of active neutrinos. In this case the active neutrinos from decay are "injected" into the cosmic neutrino background with a non-equilibrium distribution function and cannot thermalize after neutrino freeze out. These extra non-thermal neutrinos would not contribute to Big Bang Nucleosynthesis (BBN) as they are produced well after the time scale for BBN, but may modify the effective number of relativistic neutrinos, N ef f , with a non-equilibrium distribution function.
While the results obtained here yield insights into this possibility, the formulation introduced in this article is not directly applicable to the cosmological case which requires the time evolution of a density matrix instead of an initial single particle state. Furthermore the production of sterile neutrinos must be studied within the quantum kinetics from pion decay in the thermal medium and freeze out of the distribution function when the pion abundance becomes suppressed as the temperature decreases during the cosmological expansion. This study will be reported elsewhere [66] .
Further questions: In this study we focussed on understanding the interference effects between the nearly degenerate sterile neutrinos and their manifestation in the decay products within a general framework.
We did not consider specifically either CP violating transitions, or |∆l| = 2 transitions in the case of Majorana neutrinos. As pointed out in refs. [15, 16, 19, 20] CP violation may be resonantly enhanced in the case of nearly degenerate heavy sterile neutrinos, furthermore, lepton violating transitions are suppressed in the case of small (Majorana) neutrino masses but may be enhanced by heavy sterile neutrinos in intermediate states. Of particular interest would be possible oscillations in |∆l| = 2 transitions. Furthermore, a complete assessment of the probability of detection requires to consider specific cases for the production reaction as well as the decay interaction vertex, these determine the explicit form of the matrix elements, the coefficients α ± 1,2 in the superposition (II.63), the normalization of the Lorentzian distribution in the coefficients C ± in (II.65) and ultimately the overall normalization factor N in the final expression (IV.9). All of these aspects merit further study which will be reported elsewhere. In the Schroedinger picture the full quantum state is
where the coefficients in this expression and those of (II.9) are related by
The state(A.1) obeys the Schroedinger equation
the equations for the coefficients are obtained by projection in a similar fashion as in section (II), with the same notation as in section (II) (see eqns. (II.11-II.14)) and neglecting the momenta arguments in the coefficients, we obtaiṅ
This hierarchy of coupled differential equations becomes a set of coupled algebraic equations by Laplace transform, defining
for all the coefficients, we find beginning from the bottom up 9) introducing this solution into the Laplace transform of equations (A.6), we find
The first term in Σ ij (s) corresponds to the intermediate states {X}, fig. (2) shows the self-energy for the case of a common three body decay channel.
The solution of the set of equations (A.10) is given by
For the amplitudes corresponding to the active neutrinos we find for their Laplace transform
Introducing (A.12) and (A.15) into the Laplace transform of (A.4) we find .19) are the contributions to the Φ self-energy from the active (a) and sterile (s) neutrinos, this latter contribution highlights the nature of the resonant heavy neutrino states because G(s) includes the self-energy corrections in the mixed heavy neutrino propagator. The time evolution is obtained from the anti-Laplace transform, namely for all the amplitudes
where C is the Bromwich contour running parallel to the imaginary axis in the complex s plane to the right of all the singularities of C(s). Decaying states are described by complex poles in C(s) with a negative real part, therefore along the Bromwich contour s = iω + ǫ with −∞ ≤ ω ≤ ∞ , ǫ → 0 + and
In perturbation theory C Φ (s = iω + ǫ) features a complex pole near ω ∼ −E Φ , writing to leading order .22) it follows that C Φ (s = iω + ǫ) near this pole is of the Breit-Wigner form From the convolution theorem for Laplace transforms we find a): |E 1 − E 2 | ≫ Σ ij (E 1,2 ) for which we find that 33) where λ ± is given by (III.2).
b): |E 1 − E 2 | Σ ij (E) In this case we can set ω = E + E α in the arguments of the self-energies to leading order O(g 2 ) and again we find 34) where in this case λ ± are given by (II.45) with E 1,2 → E in the arguments of the self-energies. In both cases straightforward contour integration finally yields Using the results of appendix (B) we confirm the Wigner-Weisskopf result (II.53) with (II.60) to leading order, thereby establishing that the Wigner Weisskopf approximation is indeed equivalent to the Dyson resummation of the propagators in terms of the self-energy. This is a non-perturbative result that generalizes the simpler case analyzed in ref. [59] and establishes the relation to the field theoretical propagator approach studied in ref. [15] .
we obtain With these results, after straightforward algebra we find the following identities:
The important aspect is that these products are independent of the normalization of α To simplify notation we introduce the auxiliary quantities upon integrating over a density of final states that is insensitive to the energy difference δ the result (C.11) above follows. The same analysis applies to the result (C.9). Therefore the final result for the interference term is (A + (t)) * A − (t) = τ + τ − 2π δ(E + E α − E Φ ) Γ Φ + Γ + 2iδ 2π δ(E − E X ) Γ − 2iδ 1 − e 2iδt e −Γt (C.13)
